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QUANTUM bDCIGNICS AS 1, TiaOEIY 
OF RELATIVISTIC BROIcWIAN MOTION 

Yu. A. Rylov 
l 

ABSTRACT, It is shorn t h a t  nonre la t2v i s t i c  quantum m!r.ecna- 
n ics  can be discussed a s  a varlanc of t he  r e l a t i v l s x i c  
statistical t l ~ e o r y  which describes the randon motion of a 
c l a s s i c a l  pa re ic le ,  ?"he r e l a t i v i ~ y  of tke  cheory c o n s i s b s  
of the  f a c t  ehat a  r e l a t i v i s t i c  concepe of rhe p a r t i c l e f s  
s - a t e  is used i n  describing the  p a r t i c l e ' s  behavior, ThLs 
s i t u a t i o n  is fundamental because the  s t a t i s z i c s  a re  the  c a l -  
cula t ion of s t a t e s  and the  r e s u l t  depends on what is desLg- 
n a ~ e d  a s t a t e ,  

The magnificent s t r uc tu r e  of contemporary quanzum mechanics s-zancs ~s ,n /5" - 
i so la ted  phenomenon. A c o ~ a e c t i o n  between quant~m and chass5cal ccck;n;cs L3 

-- 
accoirplished only with the  help of the  correspondence pr inci? le ,  .--c seca,s - " A * ~  - - - -  .. 

qitancur;i mec5.arilcs represellts a  frmdamen~ally d i f f e r en t  skeory [ i,2 1 b-" i l l - ~ r ~  " -- cur.-- 

aoc be underszood from the  standpoint  of c l a s s i c a l  mechanics, A-cccrn>za 02 vG~:ious 
. - auxnors i j -121 t o  understand quantum mechanics from the  stairdpoinl; 02 c,zss;cz- 

2 
mechanics have not  f u l l y  achieved the  goal, Although t h i s  sounes par&LoxLc,l, 

the  reason f o r  t h i s  cons i s t s ,  i n  our opinion, of the f a c t  t h a t  they have acte1~;;- 

t ed  t o  understand non re l a t i v i s t i c  quantum mechanics from the  stanagoznt of 

non re l a t i v i s t i c  c l a s s i c a l  mechanics, 

\%re w i l l  show i n  the present  communicalion t h a t  quantum mechanics F C ~ ~ C = ~ ~ ; ~ L S  

a va r ian t  of the  r e l a t i v i s t i c  theory of Brownian motion, The differe::cc 25on 

4. ' d e  approach of t he  other authors cons i s t s  of che fac-c t h a t  we discdss :-c=rc'. 

ttvist5c quantcm mechanics from the  point  of view of  r e l a t i v i s t i c  c l a s s l c z l  

~ e c h a n i c s ,  With t h i s  approach no new pr inc ip les  a r e  required to onderszancl -i;;c 

I. i n s t i t u t e  f o r  Space Research, USSR Academy of Sciences, I" ,o~co~i,  

2, The reference [ l3 ]  is an exception, Mere success is achreved, 
as ir .  seems to us ,  by noz taking c l e a r  account of what we c a i l  the  rela.eivisz;ic 
concepz of a s t a t e ,  

"Numbers i n  the  margin indicate  pagination i n  the  fore ign t ex t ,  



c,c.an-i~,:~ ~i~ec:~<.i~:cs o f  a  s i n g l e  p a r t i c l e ,  In  p a r t i c u l a r ,  such spc~,.r:c, ,_.~ -- /G 
" a -  tu,n pr2::ciples as t h e  uncer ta in t y  pr inc ip l e  and t h e  correspondence 2;~~*-c-_.-, 

can be ~ ~ C i e r s t o o d  f rom' the  c l a s s i c a l  v:ewpoint, Z'ne k e y  t o  such an L ~ G C ~ ; ; Z ~ ~ ~ L , - , S  

i s  a  r e l a c l v i s t i c  conce2t o f  t h e  s t a t e  o f  a  system, 

T-i  n o n r e l a t i v i s t i c  physics one u ~ d e r s t a n d s  b y  t h e  s t a t e  o f  a  s h y s - c - ~  ,-JS,,AJ? 

che se-k o f  quailcicfes  s p e c i f i e d  a-L a c e r t a i n  i n s t a n t  and possess<;-c, c1:c _,ro4?c.--i 
" .  

ehz-z heing s p e c i f i e d  a t  one t h e  t h e y  perni t  t h e  determinaz5on o f  ckesc c-,22,,i:cs 

I .  - a "  i i , e , ,  $he s c a t e )  a t  a l l  succeeding t i m e s ,  The equations o f  rno-cion, wz-c-: ~ c s -  

tribe eke e v o l u t i o n  o f  t h e  seaee i n  t i n s ,  serve  f o -  t h i s  pcrpose, '=r;e sz;;c -; 

aescribed f o r  a syscem cons i s t ing  o f  pa-c ic les  by  spec i f y ing  t h e  c,corcL~:\~,es -2; 

n:onenca a t  a  s p e c i f i e d  t i m e ;  f o r  a system c o n s i s ~ l n g  o f  a  l i q c i d  oc a LiS) i - le  

s-cace i s  deternined by  s p e c i f y i n g  t h e  v e l o c i t i e s  o f  a l l  t h e  elements cS --ic,iZ, 

t h e  densi--;, tem>eracure, and s o  f o r t h ,  The s t a t e  and e q u a t i o ~ s  of ~ ~ a c h c r  - : L : ~ A  

describe t h e  t e ~ p o r a l  e v o l u t i o ~ ~  of zhe s taee  represent  two necessrry  *,er:enbs 6: 

any r ionre ia t i v i s t i c  physical t heory ,  Xce connect ion between t h e s e  c t ~ s  ebe:,e.z:s . . 
i s  pureiy  s u p e r f i c i a l ,  

As Zoliows from t h e  d e f i n i t i o n ,  t h e  s z a t e  o f  a s y s t e z  i s  s p e c i l i c c  zi s 

s p e c i f i e d  cfrne, Eut i n  r e l a t i v i s t i c  t heory  s i m i ~ l t a n e i t y  i s  r e la i ; i ve ,  LT,L I - a ; C ~ ; i  

even-cs are co be considered simu;taneous and tunic;-, not  depends mtiiciy O I L  - c - x  

choice o: a system o f  coordinates ,  i , e , , o n  our a r b i t r a r i n e s s ,  If, fci- c s ~ ~ i ; ~ c ,  

t h e  s t a t e  o f  a  physical  system i s  known t o  us  -.A t h e  s y s t e n  o f  cocrdF~s-~cs , L, i.7 
the12 we can determine t h e  s t a t e  i n  t h e  system or2 coor&lnates  E C 1 ,  btkch is mv;*:-g 

wieh r e s p c t  t o  t h e  system o f  coordinates  K, o1L.y i n  t h a t  case where -;ks equY.-ciscs 

o f  moeion are known and we Icnow how t o  so lve  them, Accca l l y ,  t h e  s-caza x e  

syscem o f  coordinates  M i s  s p e c i f i e d  on ?lie hyperplane t= cons-t i n  ztc Z G , ~ -  

dimensional even t s  space but  zhe s t a t e  i s  s p e c i f i e d  i n  t h e  system o h c c c r ~ h . ~ ~ c s  

K' on a d l f f e r e n z  hyperplane e 1  = c o n s t ,  and che conversion o f  che SCCL-GZ LZG: 

one hyperplaae co che o ther  i s  poss ib le  on ly  i n  "ce case i n  wliic11 t n e  equ~;:~~:b 

o f  ~ ~ i ; l o n  i r e  k n o w ,  T ~ u s  i n  t h e  r e l a t i v i s t i c  t heory  t h e  s t a t e  and tr,c oqr^,-~-a,~s 

o f  motion are c l o s e l y  connected, Becarise o f  "ce absence o f  absolu-ce sirnL,;~., lef~y 

i n  t h e  r e l z t i v i s t i c  t heory  it seems more c o n s i s t e n t  t o  d e f i n e  t h e  scz-;e o1 L 

syszem not  a t  a  given t ime but  a t  once i n  t h e  e n t i r e  even t s  space, Tne co:zce>-c 



o; a s t z - ~ e  includes -rriti?in it the  law of c e q o r a l  evolrzzion of zize ,x-j.;)-cCi- 

sysze:n, The equations of mocLon now take on ar;othe~- neaning, Ihje >.lli c-.sc,,z 

<;nc;n as ce r t a in  limits-ciocs which a re  imposed on the  poss ible  sz;ies, C-' GI 

- - -  , ~ s s ;b l e  - - ,  s t a t e s  noc a l l  bc-c only those which s a t i s f y  -eke equ&t~aLs  z:e rcL,.rkec, 

lire w i i l  c a l l  them the  coupling equations, Essen t ia l ly  these a re  +;he s~~i;,, z;,,-lcjr,s 

o l  ~ I I ~ Z ~ O ~ I ~  but now they describe no; the  evolution of the  s t a t e  in -;L,..o 2-t: 

~4xizacLo~is  wl:ich i s o l a t e  the  physicaliy-permissf b le  s tazes  f r o  e J -  i):?-s, 

m- ine s i t c a t i o n  r e c a l l s  sta-cics,  where there  is no t a l k  aboilJc ci,e CV;-~ ' ;LC? GI 

the  scazes bur the  s t a t e s  a r e  divided i n to  two c lasses :  gerrnLssiS-e ~ c q t . ~ l ~ ~ s L ~ ~ z ~  

al;l inadmlss 5ble (nonequilibrium) , IJe w i l l  zhus t a l k  about ' i s t a z t ~ s  L r i  evcA; 

s ; 3 a c ~ ~ ! ~  

Ti-1c ic?eas presented above cai? be concisely formulaced i n  -chc LD;LG~~,::; dLJ 
r.;uline;-, 111 non re l a t i v i s t i c  theory "ie unique divts ion i n t o  sk-kes  ani: iXA?-ixulcA?"rs 

of iilo-~,oli i n  the  description of physical  p%enolr.ena corresponds i n  --'--. L A A L  A ~ ~ ~ _ n e - & . -  

t i v i s c i c  zheory t o  the  unique divfsion of events s p c e  inco space azc. :fa.\-, In 

relativistic theory,  where t he  divis ion of events space inco space acZ tr,.z 
I 

is ambiguous and a r j i t r a r y ,  the  divis ion of the  descr ipt ion 05 physlca; A;,;ea;rr,z=La 

in to  sca'ies z d  equations of ription is a l so  arnSiguous and arbiti-a~ry, '2:;s s-;;-LC 

" ,% of a ghysfcal system definedLi-.at once i n  the  e n t i r e  events s2ace co-res>oA:cs ,,-- 

betzer t o  a unique events space, and the  equations of mot5cn en te r  as resc--Lc-crcr-s, 

I-c can be shown t h a t  f o r  its existence i c  makes no diCference :ii-x";aiz cr 

not the  divis ion of the  descr ipt ion of -che$^iysica; system inzo s-cares 236 C C _ L ~ Z , G T I J  

- " of ixo",on is car r ied  out and jus t  how th2s divis ion is car r ied  out, t.~-:~c.-Ay. 

zhis  has no meanfng f o r  the  dynamics, but i c  is of  s ignif icance for t:;e sbzzls- 

L bits, s ince  che s t a t i s t i c s  is understood 5y t he  calcula t ion of the  s t & - c ~ z ,  Ii 

is s f sn i f i c an t  Cor the  s t a t i s t i c s  precise ly  what is mderstood as  t.;e s-ca-cc, 

S - ~ a ~ i s - c i c s  which correspond t o  d i f f e r en t  d ivis ions  of a descrlpzlon o" n p-~ys;c~l 

sys-cea i n to  s t a t e s  and equations of motion lead,  generaily speaking, ao difla&-zc-c 

resc lzs ,  

lie w i l l  describe the sta-ke of a skngle pa r t i c l e ,  specffying 5-Ls ~q*o;,.c I ~ n c  
4. i n  tire e n t i r e  events space, l - e , ,  specifying t he  foul- fanctions q = qA{?-; 

" -. i = 0, 1, 2 ,  and 3 ,  where 7 is some parameter along the  world Pine, Spec:,y,z; fi 
th.3 momenta. is not necessary because as  soon as  the  mass 2 of che p ~ r c l c l c ?  a~ ,d  Ll;s 

s t a ze ,  i - e , ,  "ce world l i ne ,  a r e  known, t he  momenta p i  a re  determined by zce r-ii- 



17ex-e 

c Is zhe speed of l i g h t  and - 

i ~ ;  
is zhe metr ic  t e n s o r  

Tn (1-1)  and everywhere i n  what fol lows t h e  Latin ind ices  run throush cLa v~lues 

0 ,  1, 2 ,  and 3 ,  and t h e  Greek ind ices  ran through t h e  v a h e s  l ,  2 ,  ace  3 ,  

Sumxaz5on 5s c a r r i e d  out  f o r  repeated indices ,  

2 ,  Quentuln ensemble 

1$12 w i l l  assune -chat "Lie s t a t e  of a  p a r t i c l e ,  i . e , ,  i ts  world :he, 9s e 

razdon quan-city, We assume for s i m p l i c i t y  t h a t  "ee world l i n e  cer:r,o.; revc:rse 

0 3acIcimt-ds i n  tirne, i , e , ,  dq /d'f always maintains i ts  s ign ,  We w2I.l ~ Z - ~ : ~ ~ L L C . ~  

t h e  concept of t h e  s t a t e  densicy t o  &scr ibe  ranzon s t a t e s ,  W e  wiLl CLsc,ss 
I 

a t  "Le point q of events  "Lie i n f i n i t e l y  smal l  three-dimensional ;,re& LS,-, 
*'i 

- T-c is evicient t h a t  t h e  number dN of world l i n e s  which c ross  t h e  a rea  dS+ is 
li 

propor t ional  t o  t h e  s i z e  of t h e  a r e a ,  i . e , ,  



.ii . .k . 
\r:iere j zs ths propor t ional i ty  coefIicieni;,  Tfie veccor J rs p ~ c - ~ o - - ~ - ; z ~  ,a 

7 - 
the densixy of world 1 i ~ e s  i n  the  ~qelghborhood of the  poin-i q", j A L ( c A )  -4 dJ- 

ce l ln ix ion  ehe s t a t e  densi ty  a t  the  point  q, The faca t h a t  t?e s c ~ , c  Lc.3- u:y L3 

a vscxoi- s h ~ u l d  not d i s t u rb  us, This is associedced with t he  2 . x ~  ~ 2 2 ,  c ~ -  

dirr,er?s,onal l i n e s  a r e  the  object  of clze sta-;iskics ar,d no% pol;;?;s ~ = i  23 nc:,--~-;~- 

A ~ i v . k t 5 c  s ta-cfsz ics ,  Actually,  i n  r ionrelat lv5stic s t a t i s t i c s  xke s - t L , i  GL L ~ - U  

s3-scen 4 s  a  2oin-k i n  phase space,  but the  s t a s e  densi ty  is a s c e l ~ r  ;L.LCY.LO~I 

In  ;??lase space. 
k " G1 

1.;. follorus from t;?e de f i n i t i oa  of j t h a t  tlie "i~ipoorl  cpiiipczcn: ; :-e:~:i -. 

sen t s  zile zverage densi ty  of the  par-cicles, and che s p a t i a l  co~?oae,.~,,  " 2  

represenc che average f l u x  densi ty  of the  p a r t i c l e s ,  

Thus the  prSncipal d i f ference between nonre la t iv i sk lc  s t a c k i i c s  L:L r c - Z A -  

~ i v i s - c i c  s t a t i s t i c s  cons i s t s  of the  facc  t h a t  i n  the  fo rae r  tke  s-catc i c r - ~ ,  ,y 

5s alruays a s c a l a r  and i n  zhe l zccer  it is not necessari2y a s c a l a r  LCL c i i ~  ~ J Z ~  

- -, f o r  exanlple, a  vector,  Sus-c the  f a c t  tha-t the  s t a t e  density is a v~czo- -  c - ~ c : - s  

us -:he poss ib i i i cy  of presenting quantum mechanics as a r e l a t i v i s - i i c  -:--ec-, 02 

Bi-o~Y~-ian notion,  furtherm more, w e  w i l l  d isccss  only zhe nonrelacivis-*LC zLse : 

adop-cing cnly cne r e l a t  i v i s t 5c  concept of -c12e s ca t e  denst-cy f r o a  ;eL;-c.i-f:zfY 

We w i l l  discuss t he  s t a s i s ~ i c a l  ensemble of world l ines .  We :brLIT- LSSL..~ 

- " - & tkLa-c che nomelszAvis t i c  case occurs, i-e, , the  worPd l i ne s  deviate ,,,.,,e dL-sn L11 
sone constant d i rec t ion  i n  events space. If we s e l e c t  t h i s  direc-cicn a;ong 

zhe t i n e  a x i s ,  then 

1 - . h 
X2e skate  of the  enserxble is described by the  s take  d e i i s l ~ y  ; (q;, T*':-;r; c.er,oces 

t;iae 'iwe a re  discussing the  s t a t i s t i c a l  ensemble some deterninable ~ ~ y s l d c ,  
.k syscem whose s-cace is described by the  vector j 

To avoid misunderstanding we note the following, UsualPy the  eo~lcc:?L oZ 

a s-ta-cistical ensemble is introduced when tke  mozion of an Ladivrduz; p d r e ~ e S e  

is ixdetermlnaze o r  the  ini-kial  s t ace  of che parz ic ie  is nocabiy iaacc~l-a-;~, 

The s t a t i s cFca l  ensemble represents  a s e t  of  many s im i l a r  systerrz, ~ 1 1 i c h  o c z m  



i n  vzrious sczzes aAid is described by ;he s-cace ciensity, The s;~,c: ;~-...:tj 

~-.-c3;s=esents -;he stn-ce of che ensemble, In the  nonrelac2visJi5.c ease L;.z s,, ,c 

Ccnsi-,y W rc,srcscni;s a Zunctior: s p e c i z e d  i :~ p!?ase space and Is L - ~ C  2 d c )  -13 L . + ~  

szcsc tka i ,  being speci f  fed at a c e r t a i n  i n s t an t  a? -cLse, W c&n ~~-.-q,,-y ,c-- 

fi1:ed a, ecy succeeding ins-cant of time, In t h l s  sense the s t a i l s - c L c ~ ~  

ca;? be d l s ~ u s s e d  as some detei-minable -physical system whose s - ~ a t ~  Is cc,cr-,,-, 

- LLAL -3 5cncx5on lii, Ynus ehe s t a t i s t i c a l  enserr,b;e represents  s &cice.-..l-:-~-~~ s\-;,c; 

" wiz:~ whose help one can describe inie"ierm5nable systems, The ?L:-?G~S - -  L?~ - -C -  

I ~ c f n g  che s-catiscica9 ensemble is co reduce the  incieterrninable >nyslcn, sysccr.. 

t o  2 dezermisable cns, 

. . d5ff erent  aspect occurs i n  the  non re l a t i v i s t i c  case, W re/;rc,c.-i3 a Li 2 

nomegacive quanckty, and upon imposing nornal iza t ion  can be 1-2-:2--,~:~ ,EL ia 

tne  probabili-cy of detecting a pa rc ic le  ii? the  element of p:iase vo,,a,c c -, 

n7,. i - , L s  -. s~eua-i ; ion i n  combina-clon with the  facc  t h a t W  is a s ca t e  per:::-cs c-ze ;o s jeak 

nbozt a rnndom Xarkov process and s o  fo r t h ,  

Gei2eraEly speaking, ahe two indicated as2ecc.s of a stacis-cfci; cnsc:s-2 

2-2 inde?e~uen t ,  i - e , ,  the  s t a t e  of che e~semb le ,  being che ST;-ce d e c s c ~ y ,  c;~:- 

not be che p robab i l i ty  2ensizy. 

T* . 
L L  IS izp0rLuan-t t o  us i n  che r e i a t i v i t y  case -that eke scatisc-c;: e:,a=13.:,,, 

.k 
&?scr:be3 by the vector J represents a dezerminabie physical  s y s i e ~ ,  "ze :,c; 

k - . '  - 
thac  j dS can be in te rpre ted  a s  the  p robab i l i ty  of detecting a Fzr-GLc-a ;-: 

k 
3-spece dS is va l i d  only as  long as  the  world l i n e s  of the  pzrtic;cs ca ;..o-c .r,Lke 

k 
zigzags i n  t i n e ,  For r e l a t i v i s t i c  p a r t i c l e s  , where the  c--ea-cLcn znZ ~ ~ s - ; r ~ e - ~ t o a  

of pati-s is poss ib le ,  it is necessary t o  rejecC such an interp-etac:on, 

We poszuEate t h a t  i n  the  non re l a t i v i s t i c  approximation (2,1) a ~ l y  -,Le s------- L . ~  U L , ~  

.k 
; of the  ensemble a r e  poss ible  which s a t i s f y  the  equa-cions 



\<here rtre iritrodiice zhe symbols 

7- 
11 f s  Planckfs  cons tan^ and is the  mass of the  p a x i c l e s  v~hicli C o ~ n ;  z2e er,r,az- 

b le ,  We w i l l  2enote the  s c a t i s t i c a l  ensemble whose s t a t e  F s  descL--'bcc r i jF  c..c 
.I< - 

veccoL- J which s a t i s f i e s  tke  Eq, ( 2 - 2 )  as  the  quancurn ensenble, 

From the  non re l a t i v i s t f c  point  of view %he four  equations of ( 2 - 2 ;  ;c,rc- 

seri-c %he equacions of motiolz of che ensemble acd allow us zo de-ce~~azr -~  I^--oe 
.k 

eke szz-ce j spec i f i ed  et sor;,e i n s t a n t o f  f t i e  the  s t a t e  a t  any si~~cecC-r,: 

insean-tz of elme, The equations a r e  se lec ted  s o  t h a t  f o r  c e r t a i n  asses-,i;cas 

tii._ey ' i ~ o ~ L d  be equivalelnt t o  t he  ~ c h r g d i n ~ e r  equation for a  f r e e  p'*---~Lc-c l...31e 
m* ,.fie Eq. ( 2 . 2 )  are  the  vec-cor analogue of che Sinshiin-Toli2;er-Planclc, L C ~ ~ - - C L G ~  ;G:- 

the  aloclon of an ensemble of Eroiimian parz?cles,-  We w i l l  understand i;-?e 3q, i 3 , 2 j  
. * as che nocre la t iv i sz ic  approximation t o  che equacions f o r  an ensernb;e cL re,a,,- 

v i s - ~ l c  Groimian pa r t i c l e s .  The f a c t  t h a t  r e laJc iv i s t i c  concep  of scz-cs 

is i ne r i n s i c  gives us  he p o s s i b i l i t y  of presercing the  schrEdi.nger equazzcz 

as  tLe equacion of motion of  the  s t a t i s t i c a l  ensemble-, 

We w i i i  show [lo] t h a t  i f  we introduce zhe notacion 

where SJ = v C ? ( ~ )  is the  average veloci ty  of the  p a r t i c l e s  of the  ensex5-e az 

the  p i n e  q and assume t h a t  the  ve loc i ty  has a  po t en t i a l  



chezi -eke ~ c l l r b d i n ~ e r  equat ion  f o r  a  n o n r e l a c i v i s ~ i c  pa:--c,cle is d c r l v d c  ,rc . ~2 

cq.;s-iions (3 ,2 ) ,  S u b s ~ i t u t i ~ ~ g  (2-1;) and (2-5)  i n t o  ( 2 , 2 ) ,  we  ~ b c a l n  ~ , " L ( I  - ~ s ~ , . c .  

Using ( 3 , G )  we w r i t e  (2.7) i n  t h e  form 

lire in2ceg:-ate (2 ,8 ) ,  One can without  l i m i t i n g  the g e n e r a l i t y ,  Incl~dlc! -xe e..-dL- 

- La:-y "A 5unct ion of che time which is der ived  on che r i g h t  i n  t h e  t e r x  a<?,%.;, 
sirice according Lo (2 -5 )  Cf is def ined  only  c o r r e c t  t o  an arbitraie:y a2i,-t;:-ire f~ : - ,c -  

Lion of t h e  t ime, Ide have 

We now mul t ip ly  (2.6) by ik exp ( i  and (2.9) by - p ex:, (2$3/-:A~ ~LIL 

- - add them, We o b t a i n  a s  a  r e s u l t  t h e  schrgdlnger  equat ion  f o r  a  f ree >arz;cl, 



where by $ is denoted t h e  q a a n t i t y  

According t o  our  definiizion of t h e  er-sezble of world l i n e s ,  t h e  q u ~ . n c L c ~  j-'-L> 
,C 

represexcs  t h e  average numSer of world l i n e s  which inizez-sect dS . In .tLa .:oh-- 
1; 

relaz:v5stic c a s e  i c  is transformed i n t o  pbS - pdV because of ( 2 , ; ;  izu ~ ~ c - d c r  
0 - 

che condition of normal iza t ion  

can be iizkerpreced a s  t h e  probability of de t ec t ing  a  par-cicle i n  chc - ~ c l ~ . , : e  

dV, 1" t h e  n o r n ~ a i i z a t i o n  cond i t i on  (2-12) is f u l f i l l e d  f o r  saxe  kzsz,n, 02 

ein:e: -illen because of xhe f i r s t  equat ion  of (2,221 i t w i l l  be fii1fLLlci; .Toz ~ z y  

o t h e r  Lnsxnc of cime, 

3. vain<---: +.ab-onal P r t n c i p l e  f o r  t h e  Quankum Ensesb!e 

rn *ae Eq,(2,2) f o r  a  quantum ensemble can be de r ive2  from t h e  variz-;f,c-zi 

p r i n c i p l e  i f  one does t h e  t rea tment  i n  t h e  form 



.k 0 . 0 
Xi:-e ihe  vecror J = {j ,jut ( p  = j ) represents the  sta-ce dass iby i Z  c---- .-...- - -  "J 

? - 
.A\. 

and j zre  -,he :rell-knawn functions of the  var iables  5 ; , 2 is -the , .,,;.s -,Z ,--c - 
, ~ . c - ~ i c l e s  of -the e~isemble, and p is in-c-oduce2 as  a Lagrangran !r,,L;-;l:c..- , , A -  

.i . 
represc?cs che energy incidenc on -cBe pa r t i c l e ,  Tne c o ~ r 2 l n a t e s  c- -2 C.V-:-*Z 

," ssace a re  independent variables.  3 e  var iables  5 = (so$ 5 z 2  5, , , ..i - - 2 

are  subjecz t o  va:-iation, If -the quanzum ensemble is considered as sc, ,.. -,c_--..c.? 

-zlieiz 5; , s2 '  and 5 represent -eke Lagrangian cooriiina-kes 01 the e2er:L...ta i-&' - b ~ l s  
A 

- .  . *  . 3 
-;c-r;za? i , e . ,  the  s e t  f . ,  s 2 ,  and S resreser.ts the  ltnuxberlt of =fie e ; r .  c-:l 6- - 
-- --. 3 
 LA-^ l iquid ,  is the  Lagranginn t i ~ e  coordinate. However it is f-;;_:L~..s~ 

and L does not depenz on 5 0. Tize variables 5 .  en te r  i through t h e  s3,z-ce Zcr;s,i,y 
2. 

j", and 

We w i l l  verigy t h a t  'cl-e connection between the  Lagransitin coordri:na~s 
k 5, of rhe wanturn ensemble and the  s t a t e  density j is given by the  rela-;lor- 

& 

ships  ( 3 . 3 ) -  Tt follows from (3-3)  t h a t  

L.e., selec-cing the  Lacrangian coordinares f 5 and 5 so t k 2 ~  ~5~~ d,,? 2 i q  
1' 2'  3 4 2 

wo-cld represen-c rhe average number of par-cicles ,a the  volune, wi--c;re t n e  zrar2c;ales 
.O C v a ~ y  within the  l i m i ~ s c  <%, -I- dsa, = I ,  2 ,  3 ,  we derive ika-i  J 

' c! h 
is the  average density of  the  umber  of par t i c les .  fi'urrhermore, 



It foliox\is from ( 3 - 6 )  t h a t  jU is t h e  d e r i v a t i v e  of  t h e  dens: ,y o: -eke 

f.2 a/ 
number of par-cicles  mu l t ip l i ed  by t h e  average v e l o c i t y  v = dq /d;, TrirLs 

u 
agz-ees w i th  t h e  concept of j a s  t h e  d e n s i t y  of t h e  f lux  of par~fcies, TG ~vi.:d 

mLsunderstanding we no te  t h a t  t h e  Lagrangian coord ina tes  5 Zescribe ~ Z G - L  <L-X 
(2 

mocion of t h e  i n d i v i d u a l  p a r t i c l e s  of -che ensemble but  t h e  averzqe me::.on oi" 

t h e  2a r t i cTes  of t h e  ensemble, s i m i l a r  t o  t h e  s i t u a t i o n  i n  gas dy~:a~Lcs vrhc-3 

t h e  Lagrangian coordinaces desc r ibe  t h e  motion of a voluine elemen; o l  - - - -  %/A&= CLLS 

xifiich conxains many molecules,  i , e , ,   hey desc r ibe  t h e  average mo-cicc of -LS* 

moiecnles of . r h e  gas. Thus t h e  motion of an  ind iv idua l  molecule of ck-c ~ 2 s  fs 

c h a o t i c  and does n o t  correspond wi th  t h i s  average motion, 

Now L t  is easy  t o  understand t h e  meaning of t h e  ind iv idua l  yeeras in chc 

k g r a n g i a n  ( 3 - 2 ) -  The f i r s t  term r e p r e s e n t s  t h e  d e n s i t y  of zhe kinetic ene:~)- 
(2 CY 

of t h e  ensemble rnpv v / 2 ,  The second term rep,-esents "Le d e n s i t y  o< -LIX ::ccr-ial 

(po-kecncial) energy of t h e  ensemble taken  wlch t h e  opposice s i g n ,  Tk,s e n d - ~ y  LL 8 
T s  &ssoc ia t ed  wi th  t h e  c h a o t i c  motion of t h e  ensemble's p a r t i c l e s ,  EvZdcn;-y 

A>: LLLS is not  t h e  to-cal energy of c h a o t i c  motion biet on ly  -chat p a r t  of i?; i ~ ~ ~ c r :  " 
- 

sppears  i n  che motion of t h e  ensemble. The second term is propor-c,ona: -co - '  "ae 

s q w r e  of t h e  yradienc of t h e  d e n s i t y  p, This  is understandable beca~se zha 

e f f e c t  of t h e  c h a o t i c  motion on t h e  ordered motion appears  a s  t h e  difL;sfon 

which appears  i n  t h e  presence of a d e n s i t y  g rad ien t ,  This f a c t  is werP +ii"l~:-r- 

from t h e  theory  of Brownian motion, F i n a l l y ,  t h e  l a s t  term re2resen-cs the . , L ~ ~ + e . s  

of in t roducing  t h e  symbol 



- 1::-ci~ - -  t,e help of -the hgrangian ~~lultiplier p [ 1 4 ] ,  Afcer LT~~~*GCI~C-P,_ ,:&2 -rL ,,L- 

- LluL, - -... of ( 3 - 7 )  che hgrangia~i ( 3 - 2 )  con-~ains only zhe variables 5 . , o - &,:c. - - 
subject to variation an6 zheir firsa derivatives, This sirnp1Pfie.s i :&~ cL,i,- 

lat ions, 

hJe derive zhe equations of tlie quantrrm ensemble, varying (:,l) .,Li:- - -~ - ;~c r .  

to b ,  p 3  and 5 and equating the variational derivatives to zero, T z e  va--,;:,o;r; 
i 

with respect to p gives the relation ( 3 . 7 ) .  Furthermore, 

- 1 
where 4, = Od p j  

Using  he identity 

we remove a2y/ac0 ,k asi,  froni under the derivative sign, mltipiy ( 3 -  9: by- 

% ,@ , and some over i, Because of the identity 



lie use the iden-'" b~ LY 

Introdnciny the notation t = qo, we obtain by virtue of ( 3 - 7 )  

i , e , ,  the first equation of (2.21, Substituting +/at from (3.,15) Lnto ( 3 , , 3 > ,  

we obtain 

It f ~ ; i o ~ ~ s  from (3 .8 )  that 



s - ~ b s  - - - ll - . ,ut51:g - t h i s  equazion i n t o  (3-16) , we o b - ~ a f n  a f t e r  c ransf  ornabPbAL3 

righ-c-hcnd s i d e  zne second equz-cion 02 ( 2 - 2 ) -  %cs t h e  %q, ( 2 , 2 )  LGT -L--e c ~ ~ ~ ~ : G J ~ .  

ensanhie can be 2crLved from t h e  v a r i a t i o n a l  p r i n c i p l e ,  

The ex i s t ence  of  che v a r i a ~ L o n a l  p r i n c i p l e  is very  conven5~~-~:  I- LA., cc?- 

~iectLc::, wt ich  permi ts  t h e  easy  Pn-tro&iiction of t h e  co:zce;sts 02 c-:c 2 ~ .  ; 2 ~  -:-l'-I 

- - 
moclentui;? of zhe ensemble, We will c a l c u l a t e  f o r  t h i s  pnrpose -the cc*~c;~?,-;-. 

enersy-inonentun t e n s o r  T- wi th  t h e  he lp  of t h e  r e l a t i o n  
li 

%ere che v a r i a b l e s  5 , p,  and p ,  wLch r e s p e c t  t o  which t h e  ~ a r i a t l c ~ ~  Pa CC--:,L~ 
i 

ou-c, a r e  denoted by p The summation is c a r r i e d  ou t  over  a l l  t h e s e  v;r2;5lss, 
Y - 

Calcuh-c ion  g ives  

0 0 
f o r  ;he conponents T and TB. Here j a r e  t h e  covarian-c coKponen;s c 2  I ~ G  \-LC- /?1 

K 
0 k P 

t o r  j , which a r e  der ived  from j by dro2ping t h e  fnd lces  wi-Li t % c  i - i e - ~  oC z:-e 
0 

met r i c  censor  ( 1 , 2 ) ,  Iv'e i d e n t i f y  T wi th  t h e  energy d e n s i t y  of clle c,il~.a-in,:: cc- 
0 

0 
semble and TB wLth -che momentum dens i ty .  The energy 9 and t h e  r;zor;,enzui. T1 6: 

0 r-30 " 
zhe ensemble a r e  def ined  a s  i n t e g r a l s  of t h e  q u a n t i s i e s  T and A,. 

0 I=' 



Slmi;a:-iy, one can dlefine che dens i ty  of the  motnent of -the ensel~:b-e % sr,;,.:cn:~.: 
0 3u3 

?I Cl51- A13 che f i e l d s  a r e  s c a l a r  i n  our  case ,  because t h e  s l L n  ca:cz; u2 

zhe rzomentum is  lacking,  We have 

The r.orent of t h e  momentum Map is derived a s  t h e  i n t e g r a l  over the v-1-ii f;;:: 

(3-231 

\:is w i l l  d i s c ~ s s  t h e  ques t ion  of what  he @ys ica l  q u a n t i t f e s  introClccea ~ i i ~ 2 ~ 2 "  

.. ~~~e 1- energy, zhe momentumm, and -the moment of zo~en?;uix a s  a2plied. -ic? ~ k ?  s-GZ- /'-22 

-cLszLcal easenble, For brevi-cy we w i l l  s;3eak only zbont t h e  ene f sy ,  ~ ~ 3 ~ 3 5 . ~ 5  

i n  ;,~ir,d t h e  f a c t  t h a t  everyching s t a t e d  about t h e  energy is a l s o  valrci l c r  -' L.2e 

oxher phys ica l  q u a n t i t i e s ,  

From a fornial poin-c of view t h e  s t a t e  of che ensemble 2s de.,̂ ',ncc ,y 
k .k * - ?;he sex of qriant izies  5 ,p, and p o r  by t h e  vec to r  j . I f  J is s-pcxf';ic 

i ' 



k - c 
L-i s ~ : . , c  i1;~1;211*L of clixe, z l ~ e r ~  \ re cz-e a b l e  -co c a l c u l a t e  j ~ ~ ~ i - c i i  -L:-L> b-  *+.L 

7 r 
A;, ( 3 , 2 )  a-t cno$hei- i n s t a n t  of t ime,  In  s h o r t ,  t h e  d e s c z i p t i o a  c: -:A -iL--- 

. . 
c i c a i  ey - s~xb le  Lrom a f o r a a l  p o i n t  of view is s;::;rlarr t o  e iesc:--l,-cr (I.-' - LC-  

* " " ,-" ? tern~li?abj_e system, f o r  exainple, a system cons ls t i r ig  of a r;.,oving - - q ~ - -  - 
caconfca l  ,fiac"od e x z s t s  f o r  2eZinLng t h e  energy an6 t h e  o- he: s3ydi:&., k:~~?;,,-cs 

for s u c : ~  a sys-ce,ll, T:-,e energy i n c r o & ~ c e d  by us  is a func-;ic~-- 0 1  -;L--c cn;,: ,LL ' s  

s-caze a116 is csnserved i n  251x2, i , e , ,  fc i -nal ly  2-;; can b e  discussc5i zs ,c; C,",i--C;r 

of a phys l ca l  s y s t e ~ ,  t h e  s o - c ~ l l e d  q-cancun s-ca-cistica; ensemble, 

A s  has a i r eady  been s t a t e d ,  t h e  descrip-cion t~rch tile help 02 ;;r,c: ;i;~-~-- 

J - :  i--Lui 3 ensenSle is a method f o r  t 5 e  s c a c i s t i c a l  d e s c r i 2 t i o n  of zorcetc=.:--:~?,~ 

" - 
s y s t e ~ s ,  Lie w i l l  d i s c u s s ,  f o r  exanpie,  a nonrela-civf s t F c  ErowcLaz - ? C = Z - ~ - C ~ ~  

7- - 
LI a; cha Sns-cant of t ime t = 0 che p o s i t i o n  of t h e  Browafan par-c:-c;c -;;a 

- v e l o c i t y  a:-e accura-cely known, t hen  i - k  is a l r e a d y  iinpossfble a c  tile :r.a;~n: cZ ckxe 

t > Q t o  u a l ~ u e l y  de f ine  i ts  p o s i t i o n ,  The I -easonhr  ches is zke C:-,~--LGLC,,,J,- 

e f f e c s  on t h e  ;3art:cTe by t h e  nediuxi i n  which it is moving, C=ie cac, :x~-a-r-t-- 

r e p e a t  very  nany t imes one and t h e  sanie ex>erir;zent, o r ,  i.rlrec axo~;,-cs -GO C-2i. ::-c:T~ 

. " -  chfng , conseder many &milar  systems a t  once which cons i sc  of a ~:.:,;,a ,:~~in -,&:* 

c z - c l z l , ?  which a t  t h e  ini-cia: t i n e  f s  l oca t ed  i n  one and t h e  sanc S % d " i E ,  :;_fa i2.3 

s e z  or" i d e n t i c a l  syscems forms a s t a e i s c f c a ;  e n s e ~ b l e ,  Tke m o ~ i o c  c: ",,c ;A-2. 32nn 

3 z r z i c l e  i n  t h e  va r ious  systems of t h e  enseinSle w i i l  occur i n  vario~s v,yz- 

Alz5ough -2l-i~ xot ion  of each i n d i v i e a a l  p a r t i c l e  is unp:-edic-cable, rt e;>-irs 
. - posslb;e t o  pred icz  t h e  r e l a z i v e  number oC Brownian p a r t 9 c l e s  PIPLIC?~ TCL,_ ac 

,20,-,- - LAAc + .  ;n ~ 1 1 4 s  o r  ci?e o t h e r  s t a t e ,  The nu~3e i -  of SrownLan 2arxic;es Z~,ca - -irL - x c  

vzrLocs s t a z e s  1-epi-esents t h e  ensemble's s t a t e ,  Krrowing la a t  o c t  I-:sa;~; i z  
L b-ce, .: cne can p r e d i c t  t h e  ensemb9ers s-;&-be ( i , e , ,  che r-caber 02 E P O ~ J ~ L -  szzb--- 

c l e s  La -Lie var ious  s t a t e s )  a t  any succeeding i n s t a n t  GZ "Lxe, 

Tina ensernbless energy is "Le sum of t h e  elzergies 09 -Z'r--e ;--s::,~iL&;i :.i-cz;-c.-_ss 

irif=ich cor,sz;;u-Le t h e  elzsem5lee The energy is a randon quant l sy ,  Ix -;AS c;se 
I " of a ve-y l a r g e  number of p a r s i c l e s  i n  che ensemble t5.e f l uc tua -c l c -  c* 

ensemble's energy is much s m a l l e r  t han  t h e  energy i t s e l f ,  Therefoi-e 



-r.'j c 's --'" 
&A _ - L ~ L C  average energy of Brownian par; lc le ,  T1-,as -:he enc.r>j  c 2  ,+-, -, ,- 

-- - - - L;s-cicai e;zse:?i'~le ( a s  N -) "1 d.5ffers ' i rom t h e  average energy a: C:c A , - - -  

.- ~ l c T z  - ;y oizly a cons-tail-k n1ul-k5p95e:-, I n  p r t i c t i ; a r ,  i f  N -, 31:~ ---' *I < :> :, - ,- - 5 
Sm ,L ue Is c o r a a l i z e d  by %he re la -c ia3  (2,121 , t h e  ensern5;e's er,crs:f c=c--:,? ,?s~ A -  

~iri-ih -L:IS avcr-age enex-gy of rhe  > a r t i c l e s ,  EveryxhLnrj :ha-;. :?as bccn s;"-: ~ ~ 2 % ~  

tin ensembie oi" r e l a t i v i s c 5 c  Bxwnian p a r t i c l e s  5s e , a A ~ l f c a q ~ l e  zo c -  ~r,<A.I~,i-: 2 .,- b,a- 

-- . - ~ica... ensemble, wf-ch the  diffex-ence tiza.-'; i n  t h e  l a t t e r  casc  the u - < s ~ i  -"-i, 

.k 
5s dcszr ibed  by -the vec to r  J , 

4 ' - -  Tnrzs ~ ; s o ~  iiormzliza-cio:; ( 2 , i 2 ) ,  E, P, , ar;d M f r o m  (? ,21; ,  {3,2: ,  ,A,, 

P 
/24 
k 

(3,3i) represen-;, resp?c-cively, t h e  average ez5erSy, -cLe averase .~. .c~,cr, ,~ - > " -  C 

'C112 average ?no!l:sn-t 05 t h e  moxencun of a q i r a n t u ~  p a r z i c l e ,  Yfie er-Acrgy C i R a - i > r  

4 La of zne ensemble r ep -e sen t s  , i n  agreenent  w i - ~ h  what has Seec stz-uec L b o v ~ ,  

t h e  avei-age e m r g y  of t hose  p a r t i c l e s  which a r e  fonnd i n  t h e  vic;ni;y o-? -txe > a i ~ - c  

q i;!;ilcL>lfed Sy p ,  and s o  f o r r h ,  

According t o  ou r  a s s c m ~ t i o n s ,  t h e  behavror of a qcantcn  per?fc:e 5- c-?>:e- 

LEc-izble, k l y  a s t a ~ f s t i c a l  descrip-clon of f t s  ' oe5sv5or Is poss:S1zw 3.; ,G- 

"2- 
navFo:- of a s - c a r i s t i c a l  ensemble oZ such 2 e r t i c l e s  is descr ibed  by -x,e -\rac=-ucz ; 

.k 
and J dS, r e p r e s e n t s  she  average f l u x  of tvorld Lines -c!?roc~h Eke ;--S=EC~ = 

-i 
k ii 

{ d ~ ,  0 ,  3 ,  o[. Tfie d i r e c t i o n  of r h e  v e c t o r  j (q) indica-ces size ive;;;i d--cc:L;n 
- ~ of -the world  l i n e s  in even-cs space  a t  t h e  p o i n t  q; t h e r e f o r e  ;;lie zvecasc vc-cc--iy 

of :he ensemble's p a r t i c l e s  :s 

Eel-e V denotes  r e g u l a r  space,  Eere and i n  wha-k fo l lows  we wf;l ass~,;.,e ,he rrc;-- 
0 

mzliza-:ion cond i t i on  (2 ,12)  -:o be f u l f i l l e d ,  U2on t h i s  normaliza-;Lac s ( ~ ; c ' %  

r e 2 r e s e n t s  t h e  p r o b a b i l i t y  of de t ec t ing  a p a r t i c l e  i n  t h e  voLuxe ZV; a2a:-elcre L2 5 

-i;l?e average va lue  < 17 > of t h e  quan-Llty F, which represen-;s a f u ~ c - c 5 o n  ci" -~i2e 
-> 

spa-cia1 coord ina tes  q ,  is given by the equat ion  



l?P LAIC :ri=_~1~1: ‘ ~ r a c k e c s  denote an averase over -the enseable, 

- - I~r-,I~e:-lzere, we w i l l  define the  p a r t i c l e  ' s  avercge enerc,y, ,i~c:;_.. . ., ,r,c,n, 

-A A axvc:-age i?:omer,z of the  nionencrrrr,, They a re  s>ec f l i ed ,  a s  lie izzve icz:, ,y ---~-,e 

* " - - . .  relat ic: lshl;~s (3,211, ( ~ - 2 2 ) ~  and (3-24) W e  wf ll assume chc-c d:i- CGLL, ,,,_A,, 

(2.5) a r e  " c l f i l l e d  and t h a t  p (q) f a l l s  off  sufl'icien-ciy rapi2;y z-i -~ r^d  =,;,:liL 
- -. . 
i T1e l a t e r  is necessary t o  f ~ l f  i P P  the  condition (2,121, I , - 2  ~ ~ : ~ : s ~ . c e  

Tne opra%o;- 

n-, L L - L ~ ,  a rzs ing "Le nota t ion of (2-12 ) , one can represent  t he  average e;;ei-~;:r, ,:c;,-.e=,- 

~123: ai22 mcmant of the  nonen tn~ ,  respect ively ,  i n  the fo rx :  



+ 
where che co!n-ples ccajilgate or' I) is Ceno-ied by '$ , 

- .  Concernfng -:.he canonLcai momentzm p., wx.ch is define2 by -iaA1e re..,-bfcn 
I 

(i,l), ;he quantum s'catis-clcal ensembLe does no-:. contain inforxLi;Lcr, ;:,cr;; , ~ s  

dfscrLSu-cion of %he p a r t i c l e s  with respect  t o  mornexta, A l l  "ia-c we :XGII. 52 Lne 

a v e r q e  valce of the  momentum 

Tne nea~i  square of the  momentum can be defined,  zssumixg t h a t  tk.e re;--'-- - lr&Vl.L* 

occurs, Such an assumption is na tu r a l ,  s ince  sys iena t i c  external  faccsz  cc -2d-c 

ac-c on %he p a r t i c l e ,  bat  only a s ~ o c h a s ~ i c  in teraczion wixh "Le xe2ic.r. (XI-c: 

ethel-1, IT follows from (4-81 and (4,4) that 

lire can draw the  foliowing conclusion f r o m  (4--21, (&.41-(&,6), aae (4 .9 , ,  



and calcr.iatc the  quant i ty  

-> -> 
Ln o-Ce-- TO Cefine the  average value of soxe f-i;:~zctio~i 3'(qlp) oC - L ~ G  C G U ~ - L - - Z G . ~ ~ S  

-> * .  - "_ T c, an& CY~C xoinenta pUa The formulated r c l e  is va l id  fo;- the  qcazz,::er -LL,,. 

above: che momei?za, ece rg ies ,  and t;?e rno~ent of -the momentem and. an e:,>-:--a--y 
- -s 

func7- ulvn - - cf -the coordinates,  i,e,, f o r  F(q' 1;) conzaining p t o  r ~ o  - n,LALcr e :2c,;? 
a 

- ~ ; , e  L- second degree, 
- -? 

Ex-craplacing t h i s  r u l e  t o  arbi- ira-y f ~ n c ~ 5 o n s  ~ ( c , ,  >),we f Li; - +A,.~.  - -  u - 2 . c -> 

acce2-ieci -io c a l l  it xhe correspondence picLincLple, ReanwF-Lle, -cine va;-;- ;ji ;," 

" " scc:i ar, ex t r epo l a t i on  ts by no means evident, Essentcaliy forma: z~;~s:c;ercc- 

* 2 L-0n.s ar,d COT; physical  aces seTve a s  the  Las2s foi- such an extra>o,a,cc:-., ):o--z- 
" * over ,  c s icg  successively the  correspondence principle [&I, 5-c Is 2sss;s-a :3 

e r r i ve  ac the  conchusion t h a t  the re  does not e x f s t  a CistrLSctj.0.- A* -" - -  -- "-udA * - - CV?-- 
t5e  coorciina-ces and the  rnoi;:enta s iw~l taneoizs ly  bc f l i sc r ib - - "  ,,lorl ' f~ , :c-~Lc~r- ,  c s L - c  

ox;y w5:h resgect  t o  che coorcina-ces o r  only t*?Lci; respec-c zo t:ie r:c.r,e;;,,e, 

Ac-?~ally,  using the  correspondence gr5ccipl.e anc Cefin5ng 2-12 ' s G.TI~ r-.z:-:cz -L?G 

- -- 
orCer c: -:he o p r a t o r s  i n  the  calcula-cion of averages of -the tDe < q * -  , A-" = , 

-# -9 
iz is t'nen poss ible  -LO s e t  up a dis4cribatisi: I ~ n c ~ i o i ?  IT (q,p) TGY -c::c ?,c~x::,~, 

vrhfch aA3>eaA-s [41, generally speaking, t o  be co:~?lex azd a t  a i ~ y  ra-;e Is ::G*c -:c;L- 

t i v e ,  Tic co;?cluslon ab0u"ih.e absence of a d is t r5but ion fui1ct50~ Zc;: ,:I; ezz--- 

dlrLates and zhe momenta follows rfrom t h i s ,  This Lnd5cates thaz  i-C. is il--c;ss-s,; 

-LO speak aboct world l i ne s  of p a r t i c l e s  and con-iradfcts 9u:- bas2c A>csL-:;uA; ;A,: 

Guanzus xechanf cs  is a s e a t i s t i c a l  ensemble of relacivLscf c B ~ - o ' L Y T ~ ~ ~  ~ , ~ - ~ i c - c s ,  - 
.P FOCI ~ u r  poin-i; of view the  facc  t h a t  -khe qnantum ensenble aoes nc-c coz-:~.ln L28 



~ 0 ~ 3 ;  E~~io : - , . :~~fon  aboilc -chc nzo::len?;a dfscrib;li;ion d ~ e s  r , ~ c  i;16;ca~,i.. bA:;L,t, - 
. . ." 

ad,c dis-crnsd-tion Zoes LO", exis'c, A s  an  exa:nple, we :i?-c;o2irce c?: ci;5c. 21: 
. . .  - -:cry no-;ceia-clvxstlc Drovmizn part:cles,  It is suff f c i e n t  fop  2 c c z  cr -, b-..- 

c; -c21ei;- :i:c-cloii t o  lino~r cl:e 2:s-Lrib~ziorr wi-ch res>ec";.o -ihc cos;t,:--,~ - ,L 

-- L;lf s does 2-o*L L~ldPcaJie ",hat t h e r e  simulzaneously does 110-2 es:isz L c,.-,, , =._ ,, :-dAA 

o l  -tile G~c- i~r~i l sn  p a r z i c l e s  il~ich respec-c t o  t h  morr,e;;z;a, I-c exls is  z:c, - s .d.-Ldr c - -LuA%, 
m- 
ix.~ a b o a n d e d i ~ c s ~  of ske a p p l i c a b i i i e y  c f  :he corres>o;;dence pri;.c:?_c. Zc,,, 7; 

.i. *. ox GEL- concep-c ion,  

"%a - L i ~  ri ---. Lnci?le 01 c3.e suger -os ic io iz  of s - i a t e s  i n  quan-cizn ~?-.ec:-z~~L;; ~ ; l c ,  ,-:c: 

Ifze;ri-;y o" -3s equazlons of quantum meckanics a r e  fundamsntel 5;: ,x ,ai-: 

- ,  " "  . in~er>~e- :acTon of quancum mechanics (;I], p, 261, ic 2s c o t  pass-o-c --o 

kow one c2:1 conseruc t  quzntun mechanics i n  che r e g u l a r  way, havfng LAc;ec-:ea 

p r5nc l2 i e  of l i n e a r  su2er;~os i-<ion, The ezeE1-e ap3ara-:us of n o n r ~ l a - c - v , ~  :LC 

quanzcin ~;echanFcs and i - e l a z i v i s t i c  quantum Z i e l d  theory  a r e  cccs  t r t c - c z c  ,:-e 

p r i n c i 2 l e  of i i nea -  supi-psi-kLon,  
. . .  -ec-- - Ir, a d i scuss ion  of quantum n ; e ~ l ; ~ ~ l c s  a s  a reaa-2 iv isc lc  ~ -~z - i . i l s - c - c~ -  i;AAuiA .u,G 

-- ~ i , e  ,. l ixeal- izy of ~ c h r g d i n ~ e r ' s  Sq, :2,~0), mrr:~fch ls de r lve6  fre- ( 2 - 2 ;  as L ..-ck,:-: 

a," i-eszric-;ions ( 2 , s )  and tl?e srz~s-i--A--+: L I L ~ I o n  3f -i5e varLaS;es ( 3 ,  , L-~CS, 

2s so=€-chfng accidentaal and nor?-Znnda~en-kaP. Tae r!.et!?cd of calcx~ili,,:; av,r;~c. 

v a l ~ e s  2x6 cke neaning of a l l  t 5 e  qaan-c i t ies  Is 2eZfx:ed by c - e  ccxc;-; zZ , ,,-- 

c i s - c i ca l  enseaSie and does no: depend on whether o r  co-: -;he eqca-ciecs -- - a-b - ,- 
. " - .  - - / P  -, ce:-,ve< frorg t h e  Zq, (2 ,2)  a r e  i l n e a r ,  ir , f o r  exam>le, -;he restrFc-~,,:-s t - ,  2 1  

a r e  ~bai-idsned, Then ic w i l l  no t  Se 2ossib;e, g e ~ e r a l l y  spediiizg, ?;c; L..;-.&~- - r i -  L.. - 
l i n e a r  equat ion  of xhe schr&ifcger t y _ ~ e ,  G f  coxzse,  t h t s  is l e s s  cc:-br,L,erA-u 

. . "  -?cause I l n e a r  equat ions  a:-e e a s i e ; ~  -Lo so lve ,  I-:owever, 5r, prErAe;;-c -UA:S C Z C ~  

, - a z c  lz-;:-oC3cce azy  kind of disadvantage from ?;he p o i n t o f  view of 5 r  ;cs;.c,: 

s- i ruc-wre of xhe cheory because zke l lnea i - i ty  of %q, (2,j.G) has ao.,\rne;r; zec-: ~ssai. 

by us ,  
. . TLus from our poinc of view xhe n r i n c i 2 l e  of su?er>osx-c;on is :LO-" z. z.ecz,z,;y 

" . - .  f eazu re  of wan-cum theory ,  Is is completely p e r n l s s i b l e  that Ln - " -  L,+-c L-.?-L-Gx-~L -kc 

czse  I c  is simply no t  a p p i i c a b i e  and 4s va;ic on ly  i n  t h e  n o n r e l a z l v L s c ~ c  a;>ro~i- 

macf or_, 

i 
I,Je ~ 5 3 . 1  now d i scuss  che uncertain-cy r e l a t i o n s h i > ,  For a coorL,nn;;e e 

2nd a mornenram p it can be w r i t t e n  i n  t h e  form 
I 



- .  C! 
-\ 

L-;. ;s a l s o  1.n-i-cten s i rn l l a r ly  f o r  zhe o t h e r  coii;pci?er,ts of q , 2u, *:';I. i cc:r~*l 
" ~ C \  

poin-; oZ view (4,121 is t h e  mathema-cical csnsequencs of che Zelin-a-z-: tL..,,, 
PI of ---a L ~ - L  coxen-cum opera-;or p and "L-~e r c l e  f o r  def ln ing  a v e r ~ ; b s ,  > b  - -3 - 
CC 

A 

- - , .ALL,  2y -c*..c a cor.~rro;l feazure  of t h e  momentun ope-azor an2 -eke coxen-k.nl 2 .  &a"" -' ' 
I - .  - 'i 

/ - .  
rtrs-;.ro.?shig (1.1) t h a t  they  have i6eli:lcal everage v a l o i s  < ac > ;LC. -. = 

. - < p 3 >- I n  add i t ion  it f s  p e r n l s s i b l e  tliaz tlzey have i d e z t l c a i  ~~,~c- -a l ;c  vI.I,c;? 
C' C' 

- " ,, - - \  . < p p- > f o r  CC, = 1, 2 ,  3. Then t h e  uncertafncy re~ax:o1:s5i~ iL-,,- ,s --e---~?d 
c? ,J 

-- - -  " 
L O  Z ~ Z  a~oaec-ca (1-1) of zhe pa~ t : c l e s  coi l ;?r is in~ che qua:?tu.a ecsezi3lc, L:-~ ~ ~ ~ e . i -  

asscx2:Lon is a r b i t r a r y  and does no t  fo l low d i r e c t l y  f r o m  ~ L T  conccpobx sf e 

quanzua s - ~ a c i s t i c a l  ensen3le, 

-; tzr,cel-tainty r e l a t i o n s h i ?  s t a t e s  tlzaz t h e  product of -the u~cz:;~--cx;c3 

;a a coorLinate and t h e  corresponding moxentun f o -  any ersenble  is m e  i;,s -"-:zz. 
-- a arLL zo eAisen:Sis e x i s t s  f o r  which a coordinate aicd i ts  c o n j ~ g a z e  Am:-ie-:;L.: L--2 

sl~.:i;;-kaaneousl.y known exact ly ,  Tfiis is valtci S o - A  foi- ,he usca l  i=.,.;er:;:~zu- -c - ,  

of CLanzLx Lxechanics ([22, p, 172) and f o r  co:ceptioa, Bc>.%reve: - 3 2  -:,t,:c 

of ;he rela-cionship is 2iffe-en-k i n  ~ h e s e  cwo ceses,  I:> Lke case c< - -  "33 CC;C.-- 
- I?agen fr ,cei-yetacion t h e  iz2ossfSi;2zy of a > a - t c l e  Laving a ssec-;,i c s c z c - ~ ~  Gc 

a-C rrioasntun is a s s o c k t e d  w5,zh -<he e f f e c t  of ~ h e  seasu;f.ng device, ?G-- excr;-c , 
. . - 
;; -;.he coordinaze is seasured exaczly,  -;kc t h e  rnoxencurr, 1s r n  60~32;  e-2 ,n3-*:-- 

d i c t a j i e  way, The qcest5on of what che rnonsnznm " r e a l l y u  is f o r  a a2ecLCLac socr-- 

Eina-ce is an em;3ty one s i n c e  it canno-c be vei- i f iez by experimen-c, 



in o ~ l -  ccnceptioi3 u n c e r t a i n - k y  rela-Lions12ip (4,Lz) e.<s-c;s 

. . .- L A  &. ? i , io-s-- . b c l L U L ~ ! i l i r L i t  -.,.. --- process, It 5s c a u s ~ d  by %he f a c t  t ha t  ,he 9- - - - - - - \ r  c.: 2: 
L ~ A L A  L,J 

C -  i,sL...die -c,p-:- beco;ncs large il one local izes  it i12 a small vol.ume (Ao,)',* 
. "  

accorczi;g t o  (li,&) and ( 4 , b ) ,  

3 t 

SiA-ce i s  d i f fe ren t  f1 -o~  zero only i n  zhe volume (aq) , zhen a 2 2 /!- c* -A*AU / 3 7  

, pc/j iC-ii 

Ti: . " . ,  . 
1i-3~ ITZX our 20ifit  of view FI:E C G C ~ T - C ~ ~ ~ ~ C Y  prl:?s:ale 1s 2 yes;-; c: 

f a c t  -,ha; every q-can-bizm enseaSEe, even a s-ca'ciol?ary One, possesses e:-c----. "a 

P -  I " " 

s ecei-gy L s  caused by zhe chao-lic motion of -the c;can-cLrc 3:-o~u;-Lax ~c;:t--c.,,s c-r,d 

-- ,I,e - ~ 3 7 2  sz;-ongly -<he ensexble is loca5zeecl, tke  large- L t  Is, "i'r~.: ;=;, 2c-:-, 

vLcw o l  %he asca: interprezaxlon of quantum mecharlcs , everythiag --s , ,: i ,AIC 

- reverse, The uncer ta inty  pl-incipie is prixary, i-ts ex i s - t e~ce  is cr,.saL "2;- ,LC, 

2--c_cer-iies of the  reasurtng dlevlces, Tne f a c t  cha-k every qrzac~:.~ sys-xrr, ,-1 ;A? 

sreund s:a:e possesses an ei:e:-gy di fzerent  from zero is consiCers6 &s a EX-- 

feszazion of the  u n c e r t a i ~ t y  pr incl? le ,  

Ic Zay 232ear t ha t  al ;  t h i s  axucnts t o  nrilecessary scbcleeies,  LL 

znalysEs wha-c difference does iz .  make wkac Is coasidered >rirr.a~-y, -~;zl= ~ ~ - ~ z c ~ - , c ~ = , t y  
. * -  

7- -- - "- 
-d--cc~>-e or  the  presence of enersy i n  a system i n  a ground s-ca-zc? A*; C:cb 

- L c s e  &- are  zssociated phenoixe~a, TLere is ,  I--owever, a i i ffe--=--  - --,.,- A .' L.LLS* - L, -"d-4GG%A a 

when we pass over -LO -the re1atlvfs"Lc -theory, Then. el-;heie -cne nncc;r~,l,~:r ?:LA:- 
. . " " "  

c ip l e  vri-ci? -<he correspondence 2rrnclple  and tCa su;serposLcion 2 r r ~ i c ; > - ~  cr -;--e 

conce;:t of a s - ~ a t < s t i c a l  ezsemble of r e l a t i v i s t i c  Brovmlan pa:-iciclzs r s  sz-u z.s 

--A- I r - L ~  I o ~ n d a t l o n ~  In these zwo cases we a:-:-%ve a t  two dilcerenz re;azLirls*;~c 

i - - ~ ~ ~ ~ - -  A l e s  which, generally speaking, do not agree with o m  anotksr, 



- kl;;30ss ibie produced, fr-- ,,,A our pcifit 09 vie?,q, by tile n-o?ert;es , . - 
b :- 2 

e;2se!-3~- .*&*e, .' yi>e gi-o?erties of the  Pa$ter a r e  caused by s t c chas t i c  13$LL-~~-;<,~-; :i;"i3 " .  

-.  fie r e,iler an2 j-he-n+n-~ ,. have a general ne tu re  , i , e ,  , zrc va l id  f o r  u .. .,- 2 

A -* GI?y ;>a;-tfcLeso I:? th ; s  s e r s e  the ftti2el-;-al rGO-kfCrL of the e-Lhel-tf 5s ;,:: 2,2s-;LZ.c 

exact  :neasurements s,nli:ar t o  how ullder noz-mai conditcons J;he-c-- .. . -  - - -  -' - - 
L ' . a i r -  A'.,) v-u... 

-7 .- 3 ,.+ ~ve~ i -Ls ,  lor example, the  exact  measurement of the  small systema-cie csa :";c.:Lc-s 

of a pen*clum, 

Tie wfli now discuss a quancuin ei2semble 09 par-oLc;es moving 43 ; - - 3 e ~ - , - ~ ;  

e;ec-crocagcetic f i e l d ,  To ~ a k e  Lnto accocnt tke  Interac"L L on ~f ; L b z : ~ ~ l ~ s  

09 eke Taantun ensernble with -the electrorzragi?ecic fieLC we add the -cec.: 

eA?d 2 L~ a'-a L , i ~  charge cf the  p a r t i c l e s  f orrntng *;he erisemble, i k  Ee.?.;:e >:r S - ?, L 

zhe con-cribntion t o  tke  e5Zec-c which the  t e r x  L 
ey gfves, Carryixs c;; c ~ ~ c - - ~ s o - s  

s f x i l a r  co those which were calnr5ed out i n  Sectlor? 3 ,  we ob-Lain 



. , -  a .  

In  cne additf onhl t e r a s  (5-2) and (5, j) in t h e  Eq, (3,131 ( 3 . 8 ;  , --es;>~-.,:,,ve-~~~ 

As a res~i-c we o b t a i n  i n  >Pace of (3-16) and (3-17)? respeczCvely, 

Here -the t e n s o r  of xhe e l e c t r o x a g n e t i c  f i e l d  

/ #/ 

is 6eno-~e< by- i".- Iv'e subs ' i i tuze (5.5) i n t o  ( ~ , 4 ) ,  T,(e obtain 
i r C  

4 , e , ,  (5-7) d l f f e r s  f r o n  2q. ( 2 - 2 )  rr,u:tiplied Sy 2 by a t w i n  of ::I,: ZG-. . 134. - 
-i .k, *I 

ec j , wl-iicl? represenzs  tlze Loren-kz f o r c e  a c t i n g  on t h e  L,-eir;-:-*_-n: 
r<p C?" - 

0 * Zn c r e w  t o  de r ive  t h e  conipiete s y s t e x  02 e q c a t i c z s  ;r ,s necessary  -;c C G G  co 

(5.7) -khs Zq-(3.7) and (3-15)- 

I le  v e r i f y  that t h e  descrFpt ion  or t k e  quan-ccn ecsenble  r.rich -;Ire :'E_> s2 

. . EL. (5.7) , (5-71, an; (3.15) is equ iva l en t  xo i descrrp-c:ox ni:h - L ~ C  L~c:; G: 

t h e  ~ c h r d d i i - i ~ e r  e q ~ a r i o n  f o r  a  s p i n l e s s  part;c;e i n  a n  elecxror.agce;Lc z-e-c 



r -  i L ~ ? ,  - \fe p;$11 zssu;lie -bl?e potential col-Ldetio:2 (2,5), which in --' e ",I;). C;i_jz :;* & - i c . - - -  .- i-- 
r L.I- UV- 

p ~ + ~ ~ ? t i ~ 1  a& , differ-.-" LiLt  iror:: -* zero is t~~r.iC"iten as 
0. 

- L V  ,. be f~lfLl;ed, Using E q , ( j , l 5 ) ,  we ~ewrice E q e ( 5 - 7 )  in. -the Corn  

, b v ; ~ ~ ~  -*- a- eSy fp dexo-ced the quan-city 

~ ~ b ~ , ~ ~ ~ . - -  blA,g .q (5-8) into (5-9)  and using (5,101, we obtain after sca-xa --o.xrs;,ia-- L35 

IT,SilC - J".&-> ,. ** 

; 3 ',/ 3 2 ,5 
d ,  i- 6 - %* -. - < * - - + ---- . * - .- , r J"b a i;, r- ir 

?"I - "  j! 3;:. 
Ll c; , 4 6  

- 
irr 4 



* " . ~ ~ ~ : - u ~ i c - n  of ( 5 , l ~ )  gives 

zero,  s lzc*  withouz lim5ring che ~enera iLzy  it c2n 5e LncL~Ced Lr- T A i  cz:. 

- q / $ - c ,  beczcse y is determined wi-kh accuracy ozly an add'*' .&L-v~ ;-c.:.c;scn - o- ,. 

TI--a scbsticu-cion sf (5.8) i n to  (2,:s) wlyk subsequenz nmici~lf ca-clcn hy 

L 

We cow ml ' i ip ly  (5,123 by -\v exp ( 2 ~ / % )  and (5.13) by i h  ex? (3?,k.! a.38 Zcl 
2 lire ob-caPn a s h g l e  comphex eqcation 

f .  ZP 4 
* 1 

/35 
, 'L i *I 

h 

5 ' y  3 't ' e, 
!r -- ---6 ?;/-A/,,, - -- / S*  -2. ;_ 
- 6  L r \  r d i d  A;-, + 2 m  YQ" .."# / 

/ -  - \ $5 L' J 
\;e * A .' 

J 

w k s r e  $ is gIven by ahe Eq, (2,121, Eq, (5, ; L )  repi-eseiits c t e  ~ch ;d l ;~~ ;e r  ecx- 

~ i o 2  ( 2 ,  i3) f o r  a  sp in less  par-zicie i n  a s  electrc.xzgnez~c f ie;d, 

\,Te w i l l  now discuss che problem of f tnding "Fa s-.+' bau:~n2:-y 5-:a-ces 6, -- - -  b i * L  

easezble i n  a szealy  ePec t ro~agne t ic  l i e l 2 ,  Scch a problen is of f ~ - ~ c r e s - c  st-ee 
. . - * :-z 1s easy Co o b s e r v ~  szationary easem51es, 'Tne s-ceady-stace cOZGIT;Jle~ o-' ---,\ L*-L 

of the  electromagnetic f i e l d  Is wr i t t en  



I:: -~i:Ls case ehe electric field E 5s a poccintral one, skce 

ii-;lere A _  does nor. Zepend Oi? ';he xime, The possi55lizy of -the selec-cfo-2 i;: 
u 

(3-17) by vircue of c3e deflnltion of the electrfc fieLC 

I .- i 
-1 :- .: , : j  

,{ 2 .hi 
r - - -  ,-- - .J J : ,d- - I - - - Q , "j- - -i -..------ 

,-' - r ' /  r 
A, '.* 7 A -I 

i d- 0 v 'v 0 s 

r-- ini;s zo Lave a steazy electrcnagnetic fleid the 4-pozen-cial A, can s l - :u j s  -e 
- 

seleczel -co be rinde2enden-t of z:?e -time. IJe wi ' l ;  hssuae thae ie is s e ; c c - ~ ~ . d  

precisely in -chis way, 
\ 



n,7- : - ?  / $  - '  IaA-s iatiica-ces -&a-k hie shoclL set a11 -L::e -c Lixe de-ivel;Lves Lr, %q, :5, "7,  ---- - 3  1 

eqca; ,a ze:-o, Repeazing 1~r5xh the cor,di-,Lon (5,201 all zK?e o ~ c ~ a i l o ~ a  1 2.2:- 

l e 2  ~s f r o a  (5.73 and ('3-15) to -the Eq, (5,921  an^ ( 5 . ~ 3 ) ~  we ~ b - : ~ L n  

of ;5,;2j axe (5-13)? respec-cively, 

- > 

" J  
an arb:"--,* ;,eye E(-- ' 2 & L - Q - Y  fcnctlon of cke x i ~ ~ e  liuinlch arLses ~ 2 ~ ~ 2  i*~-;cic:;-:lz: 

,- - "  \ . 
o: eqcz",sn (5,111 with aq/a-~ = O, since the ~e~x-saze sfde GZ ~ c , t > ~ - - ,  6;:~ /3C - 
r.0-z de;ssr,ci on tne -iirr,e, the fci-ic-cion Z(z) can o ~ l y  be constank, "<-e :.----:-:>:y 

(5*2:: by -4 esp i ~ / k )  and (5,221 by 2: exxg (ic/%) and add -cne.-,,, !b'e G>-L:LZ 

-the eq~aclon 

-- " i%r:-,ere 5 is a real constenc and $ is a eon:plex fczc~io;? (2,14), ,-;; 2s .-d,ess;.~::~ 

so reqnire char the fur-ctions :all off s~ffic:en-~iy rapf<;y at i~<ii:L-~y L 2  G- -L2 r  

'5 



-- ~ n a z  che conCitPon 

-3e fiL;ff lief, F;;Ls r e c ~ .  L - ~ I L , L - - ~  ----onA foklows <?OX -,he C D ~ ? C @ ~ - L  of pLV a s  ;:-2 1:32b- 

m- &-ILS s a a - c h  Po- s t e z l o c a r y  s ta-ces  oP t n e  ensex3le has ice. ca ,i .L 

>:-ble:. cf eigenvalues,  \~je no-ce --L- t h e r e  ~0: - respon6~ , ~er,el-al:)r s>,-c;-c-: ...,c 

a sta-clczzr-y s c a t e  of t h e  ensemble a wave EuzctZon $ wl?fch Ze>encs c-2 

aLIL  fs cc~scqi ler=t  l y  noils+~as;ionary, lire 5 e a -  'the Eoilc;r51?~ i;; cf ,zd, vrc  A - - --A d 
-> 

a l,?:c-~Lol? $ =qE ( q )  ~vh.lcl> is a soic-cion of Eq, (5-23) acd (5,21~) c-2;: ,-,.CI; :LC-; 

a s o l ~ z l o n  oP t h e  Eq,(5,14), wfzh t h e  saxe  scatPonary A , ,  i n  t?*e :or: J = 
-8 i 

$ ;c_ ,-c) xa-z:; the i n i t r a l  cor,ditioi? 

The s o l ~ t l o n  has t h e  form 

T1-i~ fti:c-iPoli $ Zepe~Cs ~ ; 2  t h e  .;Lac a rd  ccsnsec_uentiy , is r,onsrazfocc,-;r c,- b:-c.U_~ 

- - . - I, desc:-rses a s t a t i o n a r y  s te- te  , and a:; _shysicel quan-krltles a r e  s :C~C_'-.a a :L 

FL?ysiciszs have long ago becoxe accbsaomed -2.0 *-;- ~ 1 ~ ~ s  assune dza;, 5 -  ,,A,-_, - - 
be so ,  

Eowvel-, i f  one r e f h c - i s  on t h i s  f a c t  2 8 3  Pu s e e a s  s t ; -an~e ,  CA:d 5.:.->--basLaz 

- ,.. r s  c reased  zka-2 t h e  description w i t h  ahe he;? of a wave F~nc-2.Zoz 1s sc.,.c ZI""-C;,;- 

c i a l ,  P e e , ,  no t  corresponding t o  t h e  naCure of t h ings ,  A s  a 1-esuiz s;c3 &a. 



A-ia  s o  ire have sr,ow-: ",ha; 11onrelativls"ic c,u;ai;z?r.;? i?-,ecna-:ica :&*c L , ~  -, I'b-- 

" - 
0112 e:- tLcle)  can be cr,derscooC. from i;ke ;joixt oi^ v?ew o,^ ~-eiz",v.-;;~Lc c -~s , , c z ,  

r? ̂  3 mec~:cnics es solce ~ h e o r y  o,^ -.eletivis-c,c B-nsrf~elar- i;..;;lon, C X > ~ - ~ - S - \ ~ :  

- -  . f13A-~-v?i ia-~ czmcionV i:~c?icazes o:Sy -chaz - k e  aox5on 09 - ~ 5 e  ?a~--c;c,e --s - - ; :xc '---L 
- * cn?--e5ic-~ab;e, Tne psrt ic;e has a world l i n e  vx21c;- 5s razccfi:; bc-!A ;?x 

, - o" zin e-sen>-e of  articles 5s leterminabie, The s-;oc7-as-' ,,e cz'~.;~ cZ CL-C; 

" oZ -,:--e 2ar  , l c les  can be understood as  -ii:e :-esul; of 5-is i=lkerc-;,l;-: I*, ,n ;:-, 1: 

(e-~hel-),  :io.iv.ever, f t  is -possible t o  uizdei-s-kaod E t  soinehow dl2Ccrc:;,y c,-, --.. - -- 
g s w r a l ,  zo t  t o  understa~-Xl 51, A-i a given s t a ~ e  5hes has co nscsL~-s, -; -- 

. . slsniCLcznt :hat even non:-elativis-cic quanzum mz-?aslcs Is fLnc~xe-~-;z.l -", LA, 

--c-c-b5vLs-~ic cheory and ca;l be ~nders-mod o:zly fcoin the  i-elaJzLvLs:-c s,c;~a--;~-.-,- 

?-- ,. ,-, a .  

AU..- GE:- _~10Pi?l. of vtew c;uanl.us rr.echanPcs is LZO ";lo-% . - - ^ - -  i . Z i ~ f l  N ' ~ ~ ~ Z Z V ; S  ,;c: s-cL,,Ld +- "&  I> n 

?:c.::ckfs c c A ~ s - c a ~ e  re2resen-c~ a measure cf  the  izceL-acxios 0" a -aa:--:Lc-~ *- L * 

~ . -  e;i;e--, s - ~ n z ~ a r  -GO how T I ? ~  dif2csion coeXf i c i e r , ~  ir, "i- b i . ~  -- b;~e~:-y - oi" i--s-rniz.., r,c; .,:o*: 

. . - descrloes che e e ~ r e e  oZ tke  s e d I c a g s  eEec-L on the  ~ ~ ~ L - - L ; C L ~ ' S  K O C ~ C = ~  1.- 

G- xl:e fcc-k enat nonrelacivis"ic o,urr=cczn mechant cs Is all-eacy a rc,;k2-,-L~ ;ic 

A- ,nezry, -ch? gro3;em of creazing a r e l a t i v i s z2c  quantum clzeory cac Za --atcz;ec. 

noi-c s i c s l y  than is custoxar i ly  -ihought, 

1 a~!ic t h l s  opportvarr?f"; yo express m y  gra-ci-cnde zo A ,  4, 3eyL31-sc7,: n=,< Y-,, 

3, Yerletskiy f o r  a discussion of the paper and %he remarks mace, 




